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Abstract
We present a construction of algebras of generalized functions of Colombeau-
type which, instead of asymptotic estimates with respect to a regularization
parameter, employs only topological estimates on certain spaces of kernels
for its definition.
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1 Introduction
Colombeau algebras, as introduced by J. F. Colombeau [Col84; Col85], today rep-
resent the most widely studied approach to embedding the space of Schwartz dis-
tributions into an algebra of generalized functions such that the product of smooth
functions as well as partial derivatives of distributions are preserved. These al-
gebras have found numerous applications in situations involving singular objects,
differentiation and nonlinear operations (see, e.g., [Obe92; Gro+01; NP06]).
All constructions of Colombeau algebras so far incorporate certain asymptotic es-
timates for the definition of the spaces of moderate and negligible functions, the
quotient of which constitutes the algebra. There is a certain degree of freedom in the
asymptotic scale employed for these estimates; while commonly a polynomial scale
is used, generalizations in several directions are possible. For an overview we refer
to works on asymptotic scales [DS98; DS00], pC, E ,Pq-algebras [Del09], sequences
spaces with exponent weights [Del+07] and asymptotic gauges [GL16].
In this article we will present an algebra of generalized functions which instead of
asymptotic estimates employs only topological estimates on certain spaces of kernels
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for its definition. This is a direct generalization of the usual seminorm estimates
valid for distributions.
We will first develop the most general setting in the local scalar case, namely that
of diffeomorphism invariant full Colombeau algebras. We will then derive a simpler
variant, similar to Colombeau’s elementary algebra. Finally, we give canonical
mappings into the most important Colombeau algebras, which points to a certain
universality of the construction offered here.
2 Preliminaries
N and N0 denote the sets of positive and non-negative integers, respectively, and
R` the set of nonnegative real numbers. Concerning distribution theory we use the
notation and terminology of L. Schwartz [Sch66].
Given any subsets K,L Ď Rn (with n P N) the relation K Ť L means that K is
compact and contained in the interior L˝ of L.
Let Ω Ď Rn be open. C8pΩq is the space of complex-valued smooth functions on
Ω. For any K,L Ť Ω, m, l P N0 and any bounded subset B Ď C
8pΩq we set
‖f‖K,m :“ sup
xPK,|α|ďm
|Bαfpxq| pf P C8pΩqq,
‖~ϕ‖K,m;L,l :“ sup
xPK,|α|ďm
yPL,|β|ďl
ˇˇ
BαxB
β
y ~ϕpxqpyq
ˇˇ
p~ϕ P C8pΩ,DpΩqqq,
‖~ϕ‖K,m;B :“ sup
xPK,|α|ďm
fPB
|xfpyq, Bαx ~ϕpxqpyqy| p~ϕ P C
8pΩ, E 1pΩqqq.
Note that ‖¨‖K,m, ‖¨‖K,m;L,l and ‖¨‖K,m;B are continuous seminorms on the respective
spaces.
We define ~δ P C8pΩ, E 1pΩqq by ~δpxq :“ δx for x P Ω, where δx is the delta distribution
at x.
DLpΩq is the space of test functions on Ω with support in L. For two locally convex
spaces E and F , LpE, F q denotes the space of linear continuous mappings from E
to F , endowed with the topology of bounded convergence. By UxpΩq we denote the
filter base of open neighborhoods of a point x in Ω, and by UKpΩq the filter base of
open neighborhoods of K. By csnpEq we denote the set of continuous seminorms
of a locally convex space E. Brpxq :“ ty P R
n : ‖y ´ x‖ ă ru is the open Euclidean
ball of radius r ą 0 at x P Rn.
Our notion of smooth functions between arbitrary locally convex spaces is that of
convenient calculus [KM97]. In particular, dkf denotes the k-th differential of a
smooth mapping f .
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3 Construction of the algebra
Throughout this section let Ω Ď Rn be a fixed open set. Let C be the category of
locally convex spaces with smooth mappings in the sense of convenient calculus as
morphisms.
Definition 1. Consider C8p´,DpΩqq and C8p´q as sheaves with values in C. We
define the basic space of nonlinear generalized functions on Ω to be the set of sheaf
homomorphisms
BpΩq :“ HompC8p´,DpΩqq, C8p´qq.
Hence, an element of BpΩq is given by a family pRUqU of mappings
RU P C
8pC8pU,DpΩqq, C8pUqq pU Ď Ω openq
satisfying RUp~ϕq|V “ RV p~ϕ|V q for all open subsets V Ď U and ~ϕ P C
8pU,DpΩqq.
We will casually write R in place of RU .
Remark 2. The basic space BpΩq can be identified with the set of all mappings
R P C8pC8pΩ,DpΩqq, C8pΩqq such that for any open subset U Ď Ω and ~ϕ, ~ψ P
C8pΩ,DpΩqq the equality ~ϕ|U “ ~ψ|U implies Rp~ϕq|U “ Rp~ψq|U (cf. [GN17]).
BpΩq is a C8pΩq-module with multiplication
pf ¨RqUp~ϕq “ f |U ¨RU p~ϕq
for R P BpΩq, f P C8pΩq, U Ď Ω open and ~ϕ P C8pU,DpΩqq. Moreover, it is an
associative commutative algebra with product pR ¨ SqUp~ϕq :“ RUp~ϕq ¨ SUp~ϕq.
A distribution u P D1pΩq defines a sheaf morphism from C8p´,DpΩqq to C8p´q.
In fact, for U Ď Ω open and ~ϕ P C8pU,DpΩqq the function x ÞÑ xu, ϕpxqy is an
element of C8pUq (see [Sch66, Chap. IV, §1, Th. II, p. 105] or [Tre76, Theorem
40.2, p. 416]). More abstractly, this can be seen using the theory of topological
tensor products [Sch55; Sch57; Tre76] as follows:
C8pU,DpΩqq – C8pUqpbDpΩq – LpD1pΩq, C8pUqq,
where C8pUqpbDpΩq denotes the completed projective tensor product of C8pUq and
DpΩq. The assignment ~ϕ ÞÑ xu, ~ϕy is smooth, being linear and continuous [KM97,
1.3, p. 9]. Hence, we have the following embeddings of distributions and smooth
functions into BpΩq:
Definition 3. We define ι : D1pΩq Ñ BpΩq and σ : C8pΩq Ñ BpΩq by
pιuqp~ϕqpxq :“ xu, ~ϕpxqy pu P D1pΩqq
pσfqp~ϕqpxq :“ fpxq pf P C8pΩqq
for ~ϕ P C8pU,DpΩqq with U Ď Ω open and x P U .
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Clearly ι is linear and σ is an algebra homomorphism. Directional derivatives on
BpΩq then are defined as follows:
Definition 4. Let X P C8pΩ,Rnq be a smooth vector field and R P BpΩq. We
define derivatives rDX : BpΩq Ñ BpΩq and pDX : BpΩq Ñ BpΩq by
prDXRqp~ϕq :“ DXpRUp~ϕqq
ppDXRqp~ϕq :“ ´ dRUp~ϕqpDSKX ~ϕq `DXpRU p~ϕqq
for ~ϕ P C8pU,DpΩqq with U Ď Ω open, where we set
DSKX ~ϕ :“ DX ~ϕ`D
w
X ˝ ~ϕ.
Here, pDX ~ϕqpxq is the directional derivative of ~ϕ at x in direction Xpxq and pD
ω
X ˝
~ϕqpxq is the Lie derivative of ~ϕpxq considered as a differential form, given by
DωXp~ϕpxqq “ DXp~ϕpxqq ` pDivXqpxq ¨ ~ϕpxq.
Note that both rDX and pDX satisfy the Leibniz rule. We haverDx ˝ σ “ σ ˝ rDX , pDX ˝ σ “ σ ˝ pDX , pDX ˝ ι “ ι ˝ pDX .
While rDX is C8pΩq-linear in X , pDX is only C-linear in X . We refer to [Nig15;
Nig16] for a discussion of the role of these derivatives in differential geometry.
Definition 5. For k P N0 we set
Pk :“ R
`ry0, . . . , yks,
Ik :“ tλ P R
`ry0, . . . , yk, z0, . . . , zks | λpy0, . . . , yk, 0, . . . , 0q “ 0u.
More explicitly, Pk is the commutative semiring of polynomials in the k ` 1 com-
muting variables y0, . . . , yk with coefficients in R
`. Similarly, Ik is the commutative
semiring in the 2pk ` 1q commuting variables y0, . . . , yk, z0, . . . , zk with coefficients
in R` and such that, if λ P Ik is given by the finite sum
λ “
ÿ
α,βPNk`1
0
λαβy
αzβ ,
then λα0 “ 0 for all α. Note that Pk is a subsemiring of Pk`1 and Ik a subsemiring
of Ik`1. Furthermore, Ik is an ideal in Pk if Pk is considered as a subsemiring
of R`ry0, . . . , yk, z0, . . . , zks. Given λ P Pk and yi ď y1i for i “ 0 . . . k we have
λpyq ď λpy1q. For λ, µ P Pk we write λ ď µ if λpyq ď µpyq for all y P pR`qk`1, and
similarly for λ, µ P Ik.
We can now formulate the following definitions of moderateness and negligibility,
not involving any asymptotic estimates:
Definition 6. An element R P BpΩq is called moderate if
p@x P Ωq pDU P UxpΩqq p@K,L Ť Uq p@m, k P N0q
pDc, l P N0q pDλ P Pkq p@~ϕ0, . . . , ~ϕk P C
8pU,DLpUqqq :
‖dkRp~ϕ0qp~ϕ1, . . . , ~ϕkq‖K,m ď λp‖~ϕ0‖K,c;L,l, . . . , ‖~ϕk‖K,c;L,lq.
The subset of all moderate elements of BpΩq is denoted by MpΩq.
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Definition 7. An element R P BpΩq is called negligible if
p@x P Ωq pDU P UxpΩqq p@K,L Ť Uq p@m, k P N0q pDc, l P N0q
pDλ P Ikq pDB Ď C
8pΩq boundedq p@~ϕ0, . . . , ~ϕk P C
8pU,DLpUqqq :
‖dkRp~ϕ0qp~ϕ1, . . . , ~ϕkq‖K,m
ď λp‖~ϕ0‖K,c;L,l, . . . , ‖~ϕk‖K,c;L,l, ‖~ϕ0 ´ ~δ‖K,c;B, ‖~ϕ1‖K,c;B, . . . , ‖~ϕk‖K,c;Bq.
The subset of all negligible elements of BpΩq is denoted by N pΩq.
It is worthwile to discuss possible simplifications of these definitions, which at
this stage should be considered more as a proof of concept than as the definite
form they should have. First, we note that we cannot replace p@x P Ωq pDU P
UxpΩqq p@K,L Ť Uq by p@K,L Ť Ωq. In fact, in the second case K and L
can be distant from each other, while in the first case it suffices to control the
situation where K and L are close to each other. However, the following re-
sult shows that we can always assume K Ť L and that the ~ϕ0, . . . , ~ϕk are given
merely on an arbitrary open neighborhood of K, i.e., as elements of the direct limit
C8pK,DLpΩqq :“ limÝÑV PUKpΩq
C8pV,DLpΩqq:
Proposition 8. Let R P BpΩq. Then R is moderate if and only if
p@x P Ωq pDU P UxpΩqq p@K,L Ť U : K Ť Lq p@m, k P N0q
pDc, l P N0q pDλ P Pkq p@~ϕ0, . . . , ~ϕk P C
8pK,DLpUqqq :
‖dkRp~ϕ0qp~ϕ1, . . . , ~ϕkq‖K,m ď λp‖~ϕ0‖K,c;L,l, . . . , ‖~ϕk‖K,c;L,lq.
Similarly, R is negligible if and only if
p@x P Ωq pDU P UxpΩqq p@K,L Ť U : K Ť Lq p@m, k P N0q pDc, l P N0q
pDλ P Ikq pDB Ď C
8pUq boundedq p@~ϕ0, . . . , ~ϕk P C
8pK,DLpUqqq :
‖dkRp~ϕ0qp~ϕ1, . . . , ~ϕkq‖K,m
ď λp‖~ϕ0‖K,c;L,l, . . . , ‖~ϕk‖K,c;L,l, ‖~ϕ0 ´ ~δ‖K,c;B, ‖~ϕ1‖K,c;B, . . . , ‖~ϕk‖K,c;Bq.
Proof. Obviously each of these conditions is weaker than the corresponding one of
Definition 6 or Definition 7.
Suppose we are given R P BpΩq such that the condition stated for moderateness
holds. Given x P Ω there hence exists some U P UxpΩq. Now given arbitrary
K,L Ť U we choose a set L1 Ť U such that K Y L Ť L1. Fixing m, k P N0 for the
moderateness test, for pK,L1q we hence obtain c, l P N0 and λ P Pk. Now fix some
~ϕ0, . . . , ~ϕk P C
8pU,DLpUqq; each of those represents an element of C8pK,DL1pUqq,
whence we have the estimate
‖dkRp~ϕ0qp~ϕ1, . . . , ~ϕkq‖K,m ď λp‖~ϕ0‖K,c;L1,l, . . . , ‖~ϕk‖K,c;L1,lq
“ λp‖~ϕ0‖K,c;L,l, . . . , ‖~ϕk‖K,c;L,lq.
where the last equality follows because the ~ϕ0, . . . , ~ϕk take values in DLpUq. This
shows that R is moderate.
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For the case of negligibility we proceed similarly until we obtain c, l P N0, λ P Ik
and B Ď C8pUq. Let χ P DpUq be such that χ ” 1 on a neighborhood of L1 and
set B1 :“ tχf | f P Bu Ď C8pΩq, which is bounded. For any ~ϕ0, . . . , ~ϕk we then
obtain
‖dkRp~ϕ0qp~ϕ1, . . . , ~ϕkq‖K,m ď
ď λp‖~ϕ0‖K,c;L1,l, . . . , ‖~ϕk‖K,c;L1,l, ‖~ϕ0 ´ ~δ‖K,c;B, ‖~ϕ1‖K,c;B, . . . , ‖~ϕk‖K,c;Bq
“ λp‖~ϕ0‖K,c;L,l, . . . , ‖~ϕk‖K,c;L,l, ‖~ϕ0 ´ ~δ‖K,c;B1, ‖~ϕ1‖K,c;B1, . . . , ‖~ϕk‖K,c;B1q
which proves negligibility of R.
If the test of Definition 6, Definition 7 or Proposition 8 holds on some U then
clearly it also holds on any open subset of U . The following characterization of
moderateness and negligiblity is obtained by applying polarization identities to the
differentials of R:
Lemma 9. Let R P BpΩq.
(i) R is moderate if and only if
p@x P Ωq pDU P UxpΩqq p@K,L Ť Uq p@m, k P N0q
pDc, l P N0q pDλ P Pminp1,kqq p@~ϕ, ~ψ P C
8pU,DLpUqqq :
‖dkRp~ϕqp~ψ, . . . , ~ψq‖K,m ď
#
λp‖~ϕ‖K,c;L,lq if k “ 0,
λp‖~ϕ‖K,c;L,l, ‖~ψ‖K,c;L,lq if k ě 1.
(ii) R is negligible if and only if
p@x P Ωq pDU P UxpΩqq p@K,L Ť Uq p@m, k P N0q pDc, l P N0q
pDλ P Iminp1,kqq pDB Ď C
8pΩq boundedq p@~ϕ, ~ψ P C8pU,DLpUqqq :
‖dkRp~ϕqp~ψ, . . . , ~ψq‖K,m
ď
#
λp‖~ϕ‖K,c;L,l, ‖~ϕ´ ~δ‖K,c;Bq if k “ 0,
λp‖~ϕ‖K,c;L,l, ‖~ψ‖K,c;L,l, ‖~ϕ´ ~δ‖K,c;B, ‖~ψ‖K,c;Bq if k ě 1.
Proof. We assume k ě 1, as for k “ 0 the statements are identical.
(i) “ñ”: One obtains λ P Pk such that
‖dkRp~ϕqp~ψ, . . . , ~ψq‖K,m ď λp‖~ϕ‖K,c;L,l, ‖~ψ‖K,c;L,l, . . . , ‖~ψ‖K,c;L,lq
“ λ1p‖~ϕ‖K,c;L,l, ‖~ψ‖K,c;L,lq
with λ1 P P1 given by λ1py0, y1q “ λpy0, y1, . . . , y1q.
“ð”: One obtains λ P P1. We then use the polarization identity [Tho14, eq. (7),
p. 471]
dkRp~ϕ0qp~ϕ1, . . . , ~ϕkq “
1
n!
kÿ
a“1
p´1qk´a
ÿ
JĎt1...ku
|J |“a
∆˚pdkRp~ϕ0qqpSJq
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where SJ :“
ř
iPJ ~ϕi and we have set ∆
˚pdkRp~ϕ0qqp~ψq “ d
kRp~ϕ0qp~ψ, . . . , ~ψq. Hence,
‖dkRp~ϕ0qp~ϕ1, . . . , ~ϕkq‖K,m ď
1
n!
kÿ
a“1
ÿ
|J |“a
‖∆˚pdkRp~ϕ0qqpSJq‖K,m
ď
1
n!
kÿ
a“1
ÿ
|J |“a
λp‖~ϕ0‖K,c;L,l, ‖SJ‖K,c;L,lq
ď
1
n!
kÿ
a“1
ÿ
|J |“a
λp‖~ϕ0‖K,c;L,l,
ÿ
iPJ
‖~ϕi‖K,c;L,lq
“ λ1p‖~ϕ0‖K,c;L,l, . . . , ‖~ϕk‖K,c;L,lq
with λ1 P Pk given by
λ1py0, . . . , ykq “
1
n!
kÿ
a“1
ÿ
|J |“a
λpy0,
ÿ
iPJ
yiq.
(ii) “ñ”: We have λ P Ik such that
‖dkRp~ϕqp~ψ, . . . , ~ψq‖K,m ď λp‖~ϕ‖K,c;L,l, ‖~ψ‖K,c;L,l, . . . , ‖~ψ‖K,c;L,l,
‖~ϕ´ ~δ‖K,c;B, ‖~ψ‖K,c;B, . . . , ‖~ψ‖K,c;Bq
“ λ1p‖~ϕ‖K,c;L;l, ‖~ψ‖K,c;L,l, ‖~ϕ´ ~δ‖K,c;B, ‖~ψ‖K,c;Bq
with λ1 P Ik given by
λ1py0, y1, z0, z1q “ λpy0, y1, . . . , y1, z0, z1, . . . , z1q.
“ð”: We obtain λ P I1 such that, as above,
‖dkRp~ϕ0qp~ϕ1, . . . , ~ϕkq‖K,m
ď
1
n!
kÿ
a“1
ÿ
|J |“a
λp‖~ϕ0‖K,c;L,l, ‖SJ‖K,c;L,l, ‖~ϕ0 ´ ~δ‖K,c;B, ‖SJ‖K,c;Bq
ď
1
n!
kÿ
a“1
ÿ
|J |“a
λp‖~ϕ0‖K,c;L,l,
ÿ
iPJ
‖~ϕi‖K,c;L,l, ‖~ϕ0 ´ ~δ‖K,c;B,
ÿ
iPJ
‖~ϕi‖K,c;Bq
“ λ1p‖~ϕ0‖K,c;L,l, . . . , ‖~ϕk‖K,c;L,l, ‖~ϕ0 ´ ~δ‖K,c;B, ‖~ϕ1‖K,c;B, . . . , ‖~ϕk‖K,c;Bq
with λ1 P Ik given by
λ1py0, . . . , yk, z0, . . . , zkq “
1
n!
kÿ
a“1
ÿ
|J |“a
λpy0,
ÿ
iPJ
yi, z0,
ÿ
iPJ
ziq.
Note that the polarization identities could be applied also in the formulation of
Proposition 8.
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Proposition 10. N pΩq ĎMpΩq.
Proof. Let R P N pΩq and fix x P Ω for the moderateness test. By negligibility of R
there exists U P UxpΩq as in Definition 7. Let K,L Ť U and m, k P N0 be arbitrary.
Then there exist c, l, λ and B such that the estimate of Definition 7 holds. We know
that λ P Ik is given by a finite sum
λpy0, . . . , yk, z0, . . . , zkq “
ÿ
α,β
λαβy
αzβ .
It suffices to show that there are λ1, λ2 P P0 such that for any ~ϕ P C8pU,DLpUqq
we have the estimates
‖~ϕ´ ~δ‖K,c;B ď λ1p‖~ϕ‖K,c;L,lq, (1)
‖~ϕ‖K,c;B ď λ2p‖~ϕ‖K,c;L,lq. (2)
In fact, these inequalities imply
‖dkRp~ϕ0qp~ϕ1, . . . , ~ϕkq‖K,m
ď
ÿ
α,β
λαβ‖~ϕ0‖
α0
K,c;L,l ¨ . . . ¨ ‖~ϕk‖
αk
K,c;L,l
¨ ‖~ϕ0 ´ ~δ‖
β0
K,c;B ¨ ‖~ϕ1‖
β1
K,c;B ¨ . . . ¨ ‖~ϕk‖
βk
K,c;B
ď
ÿ
α,β
λαβ‖~ϕ0‖
α0
K,c;L,l ¨ . . . ¨ ‖~ϕk‖
αk
K,c;L,l
¨ λ1p‖~ϕ0‖K,c;L,lq
β0 ¨ λ2p‖~ϕ1‖K,c;L,lq
β1 ¨ ¨ ¨λ2p‖~ϕk‖K,c;L,lq
βk
“ λ1p‖~ϕ0‖K,c;L,l, . . . , ‖~ϕk‖K,c;L,lq
with λ1 P Pk given by
λ1py0, . . . , ykq “
ÿ
λαβy
αλ1py0q
β0λ2py1q
β1 ¨ ¨ ¨λ2pykq
βk .
Inequality (1) is seen as follows:
‖~ϕ´ ~δ‖K,c;B “ sup
xPK,|α|ďc
fPB
ˇˇˇˇż
L
fpyqBαx ~ϕpxqpyq dy ´ B
αfpxq
ˇˇˇˇ
ď |L| ¨ sup
fPB
‖f‖L,0 ¨ ‖~ϕ‖K,c;L,l ` sup
fPB
‖f‖K,c
“ λ1p‖~ϕ‖K,c;L,lq
with λ1py0q “ |L| ¨ supfPB‖f‖L,0 ¨y0` supfPB‖f‖K,c, where |L| denotes the Lebesgue
measure of L. Similarly, inequality (2) results from
‖~ϕ‖K,c;B “ sup
xPK,|α|ďc
fPB
ˇˇˇˇż
L
fpyqBαx ~ϕpxqpyq dy
ˇˇˇˇ
ď |L| ¨ sup
fPB
‖f‖L,0 ¨ ‖~ϕ‖K,c;L,l
“ λ2p‖~ϕ‖K,c;L,lq
with λ2py0q “ |L| ¨ supfPB‖f‖L,0 ¨ y0.
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Proposition 11. MpΩq is a subalgebra of BpΩq and N pΩq is an ideal in MpΩq.
Proof. This is evident from the definitions.
Theorem 12. Let u P D1pΩq and f P C8pΩq. Then
(i) ιu is moderate,
(ii) σf is moderate,
(iii) ιf ´ σf is negligible, and
(iv) if ιu is negligible then u “ 0.
Proof. (i): Fix x for the moderateness test and let U P UxpΩq be arbitrary. Fix any
K,L Ť U and m P N0. Then there are constants C “ CpLq P R
` and l “ lpLq P N0
such that |xu, ϕy| ď C‖ϕ‖L,l for all ϕ P DLpΩq. Hence, we see that
‖pιuqp~ϕ0q‖K,m “ ‖xu, ~ϕ0y‖K,m “ sup
xPK,|α|ďm
|xu, Bαx ~ϕ0pxqy|
ď C ¨ sup
xPK,|α|ďm
yPL,|β|ďl
ˇˇ
BαxB
β
y ~ϕ0pxqpyq
ˇˇ
“ C‖~ϕ0‖K,m;L,l “ λp‖~ϕ0‖K,m;L,lq.
with λpy0q “ Cy0. Moreover, we have
‖dpιuqp~ϕ0qp~ϕ1q‖K,m ď C‖~ϕ1‖K,m;L,l “ λp‖~ϕ0‖K,m;L,l, ‖~ϕ1‖K,m;L,lq
with λpy0, y1q “ Cy1. Higher differentials of ιu vanish and the moderateness test is
satisfied with λ “ 0 for k ě 2.
(ii): Fix x and let U P UxpΩq be arbitrary. For any K,L Ť U and m P N0 we have
‖pσfqp~ϕ0q‖K,m “ ‖f‖K,m “ λp‖~ϕ0‖K,0;L,0q
with λpy0q “ ‖f‖K,m. Differentials of σf vanish, i.e., λ “ 0 for k ě 1.
(iii): Fix x and let U P UxpΩq be arbitrary. For any K,L Ť U and m, k P N0 we
have
pιf ´ σfqp~ϕ0q “ xf, ~ϕ0 ´ ~δy,
dpιf ´ σfqp~ϕ0qp~ϕ1q “ xf, ~ϕ1y,
dkpιf ´ σfqp~ϕ0qp~ϕ1, . . . , ~ϕkq “ 0 for k ě 2.
Hence, with c “ m, l “ 0 and B “ tfu the negligibility test is satisfied with
λpy0, z0q “ z0 for k “ 0, λpy0, y1, z0, z1q “ z1 for k “ 1 and λ “ 0 for k ě 2.
(iv): We show that every point x P Ω has an open neighborhood V such that
u|V “ 0, which implies u “ 0.
Given x P Ω, let U P UxpΩq be as in the characterization of negligibility in
Proposition 8. Choose an open neighborhood V of x such that K :“ V Ť U
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and r ą 0 such that L :“ BrpKq Ť U . With k “ m “ 0, Proposition 8 gives
c, l P N0, λ P I0 and B Ď C8pUq, where λ has the form
λpy, zq “
ÿ
αPNn
0
,βPN
λαβy
αzβ .
Choose ϕ P DpRnq with suppϕ Ď B1p0q,
ş
ϕpxq dx “ 1 and
ş
xγϕpxq dx “ 0 for
γ P Nn0 with 0 ă |γ| ď q, where q is chosen such that βpq ` 1q ą αpn ` c ` lq
for all α, β with λαβ ‰ 0 (e.g., take q “ pn ` c ` lq degy λ, where degy λ is the
degree of λ with respect to y). For ε ą 0 set ϕεpyq “ ε
´nϕpy{εq. Then for
ε ă r, ~ϕεpxqpyq :“ ϕεpy ´ xq defines an element ~ϕε P C
8pK,DLpΩqq because
suppϕεp.´xq “ x` suppϕε Ď Bεpxq Ď BrpKq Ď L for x P Br´εpKq. Consequently,
we have
‖pιuqp~ϕεq‖K,0 ď λp‖~ϕε‖K,c;L,l, ‖~ϕε ´ ~δ‖K,c;Bq.
Because of the estimates
‖~ϕε‖K,c;L,l “ Opε
´pn`l`cqq
‖~ϕε ´ ~δ‖K,c;B “ Opε
q`1q,
which may be verified by a direct calculation, we have
‖pιuqp~ϕεq‖K,0 ď
ÿ
α,β
λα,β ¨Opε
´αpn`c`lqq ¨Opεβpq`1qq Ñ 0
by the choice of q, which means that pιuqp~ϕεq|V Ñ 0 in CpV q and hence also in
D1pV q. On the other hand, we have
xu, ~ϕεy|V Ñ u|V
in D1pV q, as is easily verified. This completes the proof.
Theorem 13. For X P C8pΩ,Rnq we have
(i) rDXpMpΩqq ĎMpΩq and pDXpMpΩqq ĎMpΩq,
(ii) rDXpN pΩqq Ď N pΩq and pDXpN pΩqq Ď N pΩq.
Proof. The claims for rDX are clear because
‖dkprDXRqp~ϕqp~ψ, . . . , ~ψq‖K,m “ ‖DXpdkRp~ϕqp~ψ, . . . , ~ψqq‖K,m
ď C‖dkRp~ϕqp~ψ, . . . , ~ψq‖K,m`1
for some constant C depending on X . As to pDX, we have to deal with terms of the
form
dk`1Rp~ϕqpDSKX ~ϕ,
~ψ, . . . , ~ψq and dkRp~ϕqpDSKX
~ψ, ~ψ, . . . , ~ψq
for which we use the estimate
‖DSKX ~ϕ‖K,c;L,l ď C‖~ϕ‖K,c,`1;L,l`1
for some constant C depending on X .
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We now come to the quotient algebra.
Definition 14. We define the Colombeau algebra of generalized functions on Ω by
GpΩq :“MpΩq{N pΩq.
GpΩq is a C8pΩq-module and an associative commutative algebra with unit σp1q.
ι is a linear embedding of D1pΩq and σ an algebra embedding of C8pΩq into GpΩq
such that ιf “ σf in GpΩq for all smooth functions f P C8pΩq. Furthermore, the
derivatives pDX and rDX are well-defined on GpΩq.
Finally, we establish sheaf properties of G. Note that for Ω1 Ť Ω open, the restriction
R|Ω1p~ϕq :“ Rp~ϕq is well-defined because for U Ď Ω
1 open we have C8pU,DpΩ1qq Ď
C8pU,DpΩqq.
Proposition 15. Let R P BpΩq and Ω1 Ď Ω be open. If R is moderate then R|Ω1 is
moderate; if R is negligible then R|Ω1 is negligible.
Proof. Suppose that R P MpΩq. Fix x P Ω1, which gives U P UxpΩq. Set U
1 :“
U X Ω1 P UxpΩ1q and let K,L Ť U 1 and m, k P N0 be arbitrary. Then there are
c, l, λ as in Definition 6. Let now ~ϕ10, . . . , ~ϕ
1
k P C
8pU 1,DLpU 1qq be given. Choose
ρ P DpU 1q such that ρ ” 1 on a neighborhood of K. Then ρ ¨ ~ϕ1i P C
8pU,DLpUqq
(i “ 0 . . . k) and
‖dkR|Ω1p~ϕ
1
0qp~ϕ
1
1, . . . , ~ϕ
1
kq‖K,m “ ‖d
kR|Ω1pρ~ϕ
1
0qpρ~ϕ
1
1, . . . , ρ~ϕ
1
kq‖K,m
“ ‖dkRpρ~ϕ10qpρ~ϕ
1
1, . . . , ρ~ϕ
1
kq‖K,m
ď λp‖ρ~ϕ10‖K,c;L,l, . . . , ‖ρ~ϕ
1
k‖K,c;L,lq
“ λp‖~ϕ10‖K,c;L,l, . . . , ‖~ϕ
1
k‖K,c;L,lq.
Hence, the moderateness test is satisfied for R|Ω1.
Now suppose that R P N pΩq. For the negligibility test fix x P Ω1, which gives
U P UxpΩq. Set U
1 :“ U X Ω1 and let K,L Ť U 1 and m, k P N0 be arbitrary. Then
Dc, l, B, λ as in Definition 7. Let now ~ϕ10, . . . , ~ϕ
1
k P C
8pU 1,DLpU 1qq be given. Choose
ρ P DpU 1q such that ρ ” 1 on a neighborhood of K. Then ρ ¨ ~ϕ1i P C
8pU,DLpUqq
(i “ 0 . . . k) and
‖dkR|Ω1p~ϕ
1
0qp~ϕ
1
1, . . . , ~ϕ
1
kq‖K,m “ ‖d
kR|Ω1pρ~ϕ
1
0qpρ~ϕ
1
1, . . . , ρ~ϕ
1
kq‖K,m
“ ‖dkRpρ~ϕ10qpρ~ϕ
1
1, . . . , ρ~ϕ
1
kq‖K,m
ď λp‖ρ~ϕ10‖K,c;L,l, . . . , ‖ρ~ϕ
1
k‖K,c;L,l, ‖ρ~ϕ
1
0 ´
~δ‖K,c;B, . . . , ‖ρ~ϕ
1
k‖K,c;Bq
“ λp‖~ϕ10‖K,c;L,l, . . . , ‖~ϕ
1
k‖K,c;L,l, ‖~ϕ
1
0 ´
~δ‖K,c;B, . . . , ‖~ϕ
1
k‖K,c;Bq
which shows negligibility of R|Ω1 .
Proposition 16. Gp´q is a sheaf of algebras on Ω.
Proof. Let X Ď Ω be open and pXiqi be a family of open subsets of Ω such thatŤ
iXi “ X .
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We first remark that if R P BpXq satisfies R|Xi P N pXiq for all i then R P N pXq,
as is evident from the definition of negligibility.
Suppose now that we are given Ri P MpXiq such that Ri|XiXXj ´ Rj |XiXXj P
N pXi X Xjq for all i, j with Xi X Xj ‰ H. Let pχiqi be a partition of unity
subordinate to pXiqi, i.e., a family of mappings χi P C
8pXq such that 0 ď χi ď 1,
psuppχiqi is locally finite,
ř
i χipxq “ 1 for all x P X and suppχi Ď Xi. Choose
functions ρi P C
8pXi,DpXiqq which are equal to 1 on an open neighborhood of the
diagonal in Xi ˆXi for each i. For V Ď X open and ~ϕ P C
8pV,DpXqq we define
RV p~ϕq P C
8pV q by
RV p~ϕq :“
ÿ
i
χi|V ¨ pRiqVXXipρi|VXXi ¨ ~ϕ|VXXiq. (3)
For showing smoothness of RV consider a curve c P C
8pR, C8pV,DpXqqq. We have
to show that t ÞÑ RV pcptqq is an element of C
8pR, C8pV qq. By [KM97, 3.8, p. 28]
it suffices to show that for each open subset W Ď V which is relatively compact in
V the curve t ÞÑ RV pcptqq|W “ RW pcptq|W q is smooth, but this holds because the
sum in (3) then is finite. Hence, pRV qV P BpΩq.
Fix x P X for the moderateness test. There is a finite index set F and an open
neighborhood W P UxpXq such that W X suppχi ‰ H implies i P F . We can also
assume that x P
Ş
iPF Xi. Let Y be a neighborhood of x such that ρi ” 1 on Y ˆ Y
for all i P F . For each i P F let Ui P UxpXiq be obtained from moderateness of
Ri as in Definition 6. Set U :“
Ş
iPF Ui XW X Y P UxpXq, and let K,L Ť U as
well as m, k P N0 be arbitrary. For each i P F there are ci, li, λi such that for any
~ϕ0, . . . , ~ϕk P C
8pU,DLpUqq we have
‖dkRip~ϕ0qp~ϕ1, . . . , ~ϕkq‖K,m ď λip‖~ϕ0‖K,ci;L,li, . . . , ‖~ϕk‖K,ci;L,liq.
Now we have, for ~ϕ P C8pU,DLpUqq,
Rp~ϕq|W “
ÿ
iPF
χi|W ¨ pRiqWXXipρi~ϕ|WXXiq
and hence, for ~ϕ0, . . . , ~ϕk P C
8pU,DLpUqq,
dkRp~ϕ0qp~ϕ1, . . . , ~ϕkq|W
“
ÿ
iPF
χi|W ¨ d
kppRiqWXXiqpρi~ϕ0|WXXiqpρi~ϕ1|WXXi, . . . , ρi~ϕk|WXXiq.
We see that
‖dkRp~ϕ0qp~ϕ1, . . . , ~ϕkq‖K,m
ď
ÿ
iPF
Cpmq ¨ ‖χi‖K,m ¨ λip‖~ϕ0‖K,ci;L,li, . . . , ‖~ϕk‖K,ci;L,liq
“ λp‖~ϕ0‖K,c;L,l, . . . , ‖~ϕk‖K,c;L,lq
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with c “ maxjPF cj , l “ maxjPF lj, some constant Cpmq coming from the Leibniz
rule, and λ P Pk given by
λ “
ÿ
iPF
Cpmq‖χi‖K,m ¨ λi.
This shows that R is moderate. Finally, we claim that R|Xj ´ Rj P N pXjq for all
j. For this we first note that
pR|Xj ´Rjqp~ϕq “
ÿ
i
χi|Xj ¨ pRipρi~ϕ|XiXXjq ´Rjp~ϕqq
for ~ϕ P C8pXj,DpXjqq. Again, for x P Xj there is a finite index set F and an
open neighborhood W P UxpXq such that W X suppχi ‰ H implies i P F , and we
can assume that x P
Ş
iPF Xi. Let Y be a neighborhood of x such that ρi ” 1 on
Y ˆ Y for all i P F and let Ui P UxpXi X Xjq be given by the negligibility test of
Ri|XiXXj ´ Rj|XiXXj according to Definition 7. Set U :“
Ş
iPF Ui XW X Y . Fix
any K,L Ť U and m, k P N0. For each i P F there are ci, li, λi, Bi such that for
~ϕ0, . . . , ~ϕk P C
8pU,DLpUqq we have
‖dkpRi|XiXXj ´Rj|XiXXj qp~ϕ0qp~ϕ1, . . . , ~ϕkq‖K,m
ď λip‖~ϕ0‖K,ci;L,li, . . . , ‖~ϕ0 ´ ~δ‖K,ci;Bi, ‖~ϕ1‖K,ci;Bi , . . . , ‖~ϕk‖K,ci;Biq.
As above, we then have
‖dkpR|Xj ´Rjqp~ϕ0qp~ϕ1, . . . , ~ϕkq‖K,m
ď
ÿ
iPF
Cpmq ¨ ‖χi‖K,m ¨ λip‖~ϕ0‖K,ci;L,li, . . . , ‖~ϕ0 ´ ~δ‖K,ci;Bi , ‖~ϕ1‖K,ci;Bi, . . . q
ď λp‖~ϕ0‖K,c;L,l, . . . , ‖~ϕ0 ´ ~δ‖K,c;B, ‖~ϕ0‖K,c;B, . . . q
with c “ maxiPF ci, l “ maxiPF li, B “
Ť
iPF Bi, and λ P Ik given by
λ “
ÿ
iPF
Cpmq‖χ‖K,m ¨ λi.
This completes the proof.
4 An elementary version
We will now give a variant of the construction of Section 3 similar in spirit to
Colombeau’s elementary algebra [Col85]: if we only consider derivatives along the
coordinate lines of Rn we can replace the smoothing kernels ~ϕ P C8pU,DLpΩqq by
convolutions. This way, one can use a simpler basic space which does not involve
calculus on infinite dimensional locally convex spaces anymore:
Definition 17. Let Ω Ď Rn be open. We set
UpΩq :“ tpϕ, xq P DpRnq ˆ Ω | suppϕ` x Ď Ωu.
and define BcpΩq to be the set of all mappings R : UpΩq Ñ C such that Rpϕ, ¨q is
smooth for fixed ϕ.
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Note that this is almost the basic space used originally by Colombeau (see [Col85,
1.2.1, p. 18] or [Gro+01, Definition 1.4.3, p. 59]) but with DpRnq in place of the
space of test functions whose integral equals one. We now introduce a notation for
the convolution kernel determined by a test function.
Definition 18. For ϕ P DpRnq we define
‹
ϕ P C8pRn,DpRnqq by
‹
ϕpxqpyq :“ ϕpy ´ xq.
In fact, with this definition we have xu,
‹
ϕy “ u ˚ ϕˇ, where as usually we set ϕˇpyq :“
ϕp´yq. Furthermore, for c P N0 we write
‖ϕ‖c :“ sup
xPRn,|α|ďc
|Bαϕpxq| pϕ P DpRnqq.
The direct adaptation of Definitions 6 and 7 then looks as follows:
Definition 19. Let R P BcpΩq. Then R is called moderate if
p@x P Ωq pDU P UxpΩqq p@K,L Ť U : K Ť Lq p@m P N0q
pDc P N0q pDλ P P0q p@ϕ P DpR
nq : K ` suppϕ Ď Lq :
‖Rpϕ, .q‖K,m ď λp‖ϕ‖cq.
The subset of all moderate elements of BcpΩq is denoted by McpΩq.
Similarly, R is called negligible if
p@x P Ωq pDU P UxpΩqq p@K,L Ť U : K Ť Lq p@m P N0q pDc P N0q
pDλ P I0q pDB Ď C
8pUq boundedq p@ϕ P DpRnq : K ` suppϕ Ď Lq :
‖Rpϕ, .q‖K,m ď λp‖ϕ‖c, ‖
‹
ϕ´ ~δ‖K,c;Bq.
The subset of all negligible elements of BcpΩq is denoted by N cpΩq.
It is convenient to work with the following simplification of these definitions.
Proposition 20. R P BcpΩq is moderate if and only if
p@K Ť Ωq pDr ą 0 : BrpKq Ť Ωq p@m P N0q pDc P N0q
pDλ P P0q p@ϕ P DpR
nq : suppϕ Ď Brp0qq :
‖Rpϕ, .q‖K,m ď λp‖ϕ‖cq.
Similarly, R P BcpΩq is negligible if and only if
p@K Ť Ωq pDr ą 0 : BrpKq Ť Ωq p@m P N0q pDc P N0q
pDλ P I0q pDB Ď C
8pΩq boundedq p@ϕ P DpRnq : suppϕ Ď Brp0qq :
‖Rpϕ, .q‖K,m ď λp‖ϕ‖c, ‖
‹
ϕ´ ~δ‖K,c;Bq.
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Proof. Suppose R is moderate and fix K Ť Ω. We can cover K by finitely many
open sets Ui obtained from Definition 19 and write K “
Ť
iKi with Ki Ť Ui.
Choose r ą 0 such that Li :“ BrpKiq Ť Ui for all i. Fixing m, by moderateness
there exist ci and λi for each i. Set c “ maxi ci and choose λ with λ ě λi for all i.
Now given ϕ P DpRnq with suppϕ Ď Brp0q we also have Ki ` suppϕ Ď Li and we
can estimate
‖Rpϕ, .q‖K,m ď sup
i
‖Rpϕ, .q‖Ki,m ď sup
i
λip‖ϕ‖ciq ď λp‖ϕ‖cq.
Conversely, suppose the condition holds and fix x P Ω for the moderateness test.
Choose a ą 0 such that Bapxq Ť Ω. By assumption there is r ą 0 with Br`apxq Ť Ω.
Set U :“ Br{2pxq. Then, fix K Ť L Ť U and m for the moderateness test. There
are c and λ by assumption. Now given ϕ with K ` suppϕ Ď L, we see that for
y P suppϕ and an arbitrary point z P K we have |y| ď |y ` z ´ x| ` |z ´ x| ă r,
which means that suppϕ Ď Brp0q. But then ‖Rpϕ, .q‖K,m ď λp‖ϕ‖cq as desired.
If R is negligible we proceed similarly until the choice of Ki Ť Li Ť Ui and m gives
ci, λi and Bi. Choose χi P DpUiq with χi ” 1 on a neighborhood of Li, and define
B :“
Ť
itχif | f P Biu, which is bounded in C
8pΩq. Then with c “ maxi ci and
λ ě λi for all i we have
‖Rpϕ, .q‖K,m ď sup
i
λip‖ϕ‖ci, ‖
‹
ϕ´ ~δ‖Ki,ci;Biq ď λp‖ϕ‖c, ‖
‹
ϕ´ ~δ‖K,c;Bq.
The converse is seen as for moderateness by restricting the elements of B Ď C8pΩq
to U .
The embeddings now take the following form.
Definition 21. We define ιc : D1pΩq Ñ BcpΩq and σc : C8pΩq Ñ BcpΩq by
pιcuqpϕ, xq :“ xu, ϕp.´ xqy pu P D1pΩqq
pσcfqpϕ, xq :“ fpxq pf P C8pΩqq.
Partial derivatives on BcpΩq then can be defined via differentiation in the second
variable:
Definition 22. Let R P BcpΩq. We define derivatives Di : BcpΩq Ñ BcpΩq (i “
1, . . . , n) by
pDiRqpϕ, xq :“
B
Bxi
px ÞÑ Rpϕ, xqq.
Theorem 23. We have DipMcpΩqq ĎMcpΩq and DipN cpΩqq Ď N cpΩq,
Proof. This is evident from the definitions.
Proposition 24. We have Di ˝ ι “ ι ˝ Bi and Di ˝ σ “ σ ˝ Bi.
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Proof. Dipιuqpϕ, xq “
B
Bxi
xupyq, ϕpy ´ xqy “ xupyq,´pBiϕqpy ´ xqy “ xBiupyq, ϕpy ´
xqy “ ιpBiuqpϕ, xq. The second claim is clear.
Proposition 25. N cpΩq ĎMcpΩq.
Proof. The result follows from
‖
‹
ϕ´ ~δ‖K,c;B ď λ1p‖ϕ‖c1q
for suitable λ1 and c1, which is seen as in the proof of Proposition 10.
Similarly to Proposition 11 we have:
Proposition 26. McpΩq is a subalgebra of BcpΩq and N cpΩq is an ideal inMcpΩq.
Theorem 27. Let u P D1pΩq and f P C8pΩq. Then
(i) ιcu is moderate,
(ii) σcf is moderate,
(iii) ιcf ´ σcf is negligible, and
(iv) if ιcu is negligible then u “ 0.
The proof is almost identical to that of Theorem 12 and hence omitted.
Definition 28. We define the elementary Colombeau algebra of generalized func-
tions on Ω by GcpΩq :“McpΩq{N cpΩq.
As before, one may show that Gc is a sheaf.
5 Canonical mappings
In this section we show that the algebra G constructed above is near to being
universal in the sense that there exist canonical mappings from it into most of the
classical Colombeau algebras which are compactible with the embeddings.
We begin by constructing a mapping GpΩq Ñ GcpΩq.
Definition 29. Given R P BpΩq we define rR P BcpΩq by
rRpϕ, xq :“ Rp~ϕqpxq ppϕ, xq P UpΩqq
where ~ϕ P C8pΩ,DpΩqq is chosen such that ~ϕ “
‹
ϕ in a neighborhood of x.
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This definition is meaningful: given pϕ, xq in UpΩq we have suppϕp. ´ x1q Ď Ω for
x1 in a neighborhood V of x. Choosing ρ P DpΩq with supp ρ Ď V and ρ ” 1 in a
neighborhood of x, we can take ~ϕpxq :“ ρ
‹
ϕ. Obviously, rRpϕ, xq does not depend
on the choice of ~ϕpxq and rRpϕ, .q is smooth, so indeed we have rR P BcpΩq.
Proposition 30. Let R P BpΩq. Then the following holds:
(i) Ăιu “ ιcu for u P D1pΩq.
(ii) Ăσf “ σcf for f P C8pΩq.
(iii) rR PMcpΩq for R PMpΩq.
(iv) rR P N cpΩq for R P N pΩq.
Proof. (i): For u P D1pΩq we have
Ăιupϕ, xq “ pιuqp~ϕqpxq “ xu, ~ϕpxqy “ xu, ‹ϕpxqy “ xupyq, ϕpy ´ xqy “ pιcuqpϕ, xq.
(ii) is clear.
(iii): Suppose that R PMpΩq. Fixing x P Ω, we obtain U as in Proposition 8. Let
K Ť L Ť U and m be given, set k “ 0, and choose L1 such that L Ť L1 Ť U . Then
Proposition 8 gives c, l, λ such that for ~ϕ P C8pK,DL1pUqq,
‖Rp~ϕq‖K,m ď λp‖~ϕ‖K,c;L1,lq.
Now for ϕ P DpRnq with K ` suppϕ Ď L we have
‹
ϕ P C8pK,DL1pUqq, which gives
‖ rRpϕ, .q‖K,m “ ‖Rp ‹ϕq‖K,m ď λp‖ ‹ϕ‖K,c;L1,lq ď λp‖ϕ‖c`lq
which proves that rR PMcpΩq.
(iv): Similarly, if R P N pΩq then for x P Ω we have U as in Proposition 8. For
K Ť L Ť U , m given, k “ 0, and L1 such that L Ť L1 Ť U , we obtain c, l, λ, B as
in Proposition 8 such that
‖Rp~ϕq‖K,m ď λp‖~ϕ‖K,c;L1,l, ‖~ϕ´ ~δ‖K,c;Bq
and hence
‖ rRpϕ, .q‖K,m “ ‖Rp ‹ϕq‖K,m
ď λp‖
‹
ϕ‖K,c;L1,l, ‖
‹
ϕ´ ~δ‖K,c;Bq
ď λp‖ϕ‖c`l, ‖
‹
ϕ´ ~δ‖K,c;Bq.
which gives negligibility of rR.
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5.1 The special algebra
We define the special Colombeau algebra Gs with the embedding as in [Del05]: fix
a mollifier ρ P SpRnq withż
ρpxq dx “ 1,
ż
xαρpxq dx “ 0 @α P Nn0zt0u.
Choosing χ P DpRnq with 0 ď χ ď 1, χ ” 1 on B1p0q and suppχ Ď B2p0q we set
ρεpyq :“ ε
´nρpy{εq, θεpyq :“ ρεpyqχpy |ln ε|q pε ą 0q.
Moreover, with
Kε “ tx P Ω | dpx,R
nzΩq ě εu XB1{εp0q Ť Ω pε ą 0q
we choose functions κε P DpΩq such that 0 ď κε ď 1 and κε ” 1 on Kε. Then the
special algebra GspΩq is given by
EspΩq :“ C8pΩqI with I :“ p0, 1s,
EsMpΩq :“ tpuεqε P E
spΩq | @K Ť Ω @m P N0 DN P N : ‖uε‖K,m “ Opε
´Nqu,
N spΩq :“ tpuεqε P E
spΩq | @K Ť Ω @m P N0 @N P N : ‖uε‖K,m “ Opε
Nqu,
GspΩq :“ EsMpΩq{N
spΩq,
pιsuqε :“ xu, ~ψεy pu P D
1pΩqq,
pσsfqε :“ f pf P C
8pΩqq,
~ψεpxqpyq :“ θεpx´ yqκεpyq.
Definition 31. For R P BpΩq we define Rs “ pRsεqε P E
spΩq by
Rsεpxq :“ Rp
~ψεqpxq.
Proposition 32. (i) pιuqs “ ιsu for u P D1pΩq.
(ii) pσfqs “ σsf for f P C8pΩq.
(iii) Rs P EsMpΩq for R PMpΩq.
(iv) Rs P N spΩq for R P N pΩq.
Proof. (i) and (ii) are clear.
For (iii) it suffices to show the needed estimate locally. Fix x P Ω, which gives
U P UxpΩq as in Proposition 8. Choose any K,L such that x P K Ť L Ť U , fix
m, and set k “ 0. Then there are c, l, λ as in Proposition 8. Because supp ~ψεpxq Ď
B2|ln ε|´1pxq we have
~ψε P C
8pK,DLpUqq for ε small enough, which gives
‖Rsε‖K,m ď λp‖~ψε‖K,c;L,lq.
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Consequently, pRsεqε P E
s
MpΩq follows from
‖~ψε‖K,c;L,l “ sup
x,α,y,β
ˇˇ
BαxB
β
y
`
ρεpx´ yqχppx´ yq |ln ε|qκεpyq
˘ˇˇ
“ Opε´n´c´lq.
For negligibility we proceed similarly; the claim then follows by using that for a
bounded subset B Ď C8pUq we have ‖~ψε ´ ~δ‖K,c;B “ OpεNq for all N P N, which
is seen as in [Del05, Prop. 12, p. 38] and actually merely a restatement of the fact
that ιsf ´ σsf “ OpεNq for all N uniformly for f P B.
5.2 The diffeomorphism invariant algebra
There are several variants of the diffeomorphism invariant algebra Gd; we will employ
the following formulation [Nig15; Nig16; GN17]:
EdpΩq :“ C8pDpΩq, C8pΩqq
EdMpΩq :“ tR P C
8pDpΩqq | @K Ť Ω @k,m P N0 @p~ϕεqε P SpΩq @p~ψ1,εqε, . . . ,
p~ψk,εqε P S
0pΩq DN P N : ‖dkRp~ϕεqp~ψ1,ε, . . . , ~ψk,εq‖K,m “ Opε
´Nqu,
N dpΩq :“ tR P C8pDpΩqq | @K Ť Ω @k,m P N0 @p~ϕεqε P SpΩq @p~ψ1,εqε, . . . ,
p~ψk,εqε P S
0pΩq @N P N : ‖dkRp~ϕεqp~ψ1,ε, . . . , ~ψk,εq‖K,m “ Opε
Nqu,
GdpΩq :“ EdMpΩq{N
dpΩq,
pιduqpϕqpxq :“ xu, ϕy,
pσdfqpϕqpxq :“ fpxq.
The spaces SpΩq and S0pΩq employed in this definition are given as follows:
Definition 33. Let a net of smoothing kernels p~ϕεqε P C
8pΩ,DpΩqqI be given and
denote the corresponding net of smoothing operators by pΦεqε P LpD1pΩq, C8pΩqqI .
Then pϕεqε is called a test object on Ω if
(i) Φε Ñ id in LpD1pΩq,D1pΩqq,
(ii) @p P csnpLpD1pΩq, C8pΩqqq DN P N: ppΦεq “ Opε´Nq,
(iii) @p P csnpLpC8pΩq, C8pΩqqq @m P N: ppΦε|C8pΩq ´ idq “ Opε
mq,
(iv) @x P Ω DV P UxpΩq @r ą 0 Dε0 ą 0 @y P V @ε ă ε0: suppϕεpyq Ď Brpyq.
We denote the set of test objects on Ω by SpΩq. Similarly, p~ϕεqε is called a 0-
test object if it satisfies these conditions with (i) and (iii) replaced by the following
conditions:
(i’) Φε Ñ 0 in LpD1pΩq,D1pΩqq,
(iii’) @p P csnpLpC8pΩq, C8pΩqqq @m P N: ppΦε|C8pΩqq “ Opεmq.
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The set of all 0-test objects on Ω is denoted by S0pΩq.
Definition 34. For R P BpΩq we define Rd P EdpΩq by
Rdpϕqpxq :“ Rprx1 ÞÑ ϕsqpxq.
Proposition 35. (i) pιuqd “ ιdu for u P D1pΩq.
(ii) pσfqd “ σdu for f P C8pΩq.
(iii) Rd P EdMpΩq for R PMpΩq.
(iv) Rd P N dpΩq for R P N pΩq.
Proof. (i) and (ii) are clear from the definition. (iii) and (iv) follow directly from
the estimates
‖~ϕε‖K,c;L,l “ Opε
´Nq for some N,
‖~ϕε ´ ~δ‖K,c;B “ Opε
Nq for all N,
which hold by definition of the spaces SpΩq and S0pΩq.
5.3 The elementary algebra
For Colombeau’s elementary algebra we employ the formulation of [Gro+01, Section
1.4], Section 1.4. For k P N0 we let AkpRnq be the set of all ϕ P DpRnq with integral
one such that, if k ě 1, all moments of ϕ order up to k vanish.
UepΩq :“ tpϕ, xq P A0pR
nq ˆ Ω | x` suppϕ Ď Ωu
EepΩq :“ tR : UepΩq Ñ C | @ϕ P A0pR
nq : Rpϕ, .q is smoothu
EeMpΩq :“ tR P E
epΩq | @K Ť Ω @m P N0 DN P N @ϕ P ANpR
nq :
‖RpSεϕ, .q‖K,m “ Opε
´Nqu
N epΩq :“ tR P EepΩq | @K Ť Ω @m P N0 @N P N Dq P N @ϕ P AqpR
nq :
‖RpSεϕ, .q‖K,m “ Opε
Nqu
GepΩq :“ EeMpΩq{N
epΩq
pιeuqpϕ, xq :“ xu, ϕp.´ xqy
pσefqpϕ, xq :“ fpxq
Definition 36. For R P BcpΩq we define Re P EepΩq by Repϕ, xq :“ Rpϕ, xq.
Proposition 37. (i) pιcuqe “ ιeu for u P D1pΩq.
(ii) pσcfqe “ σeu for f P C8pΩq.
(iii) Re P EeMpΩq for R PM
cpΩq.
(iv) Re P N epΩq for R P N cpΩq.
20
Proof. Again, (i) and (ii) are clear from the definition. For (iii), fix K Ť Ω and
m P N0. From Proposition 20 we obtain r, c and λ such that for suppϕ Ď Brp0q,
‖Rpϕ, .q‖K,m ď λp‖ϕ‖cq. For ϕ P A0pRnq and ε small enough, suppSεϕ Ď Brp0q,
so we only have to take into account that ‖Sεϕ‖c “ Opε´Nq for some N P N.
Similarly, (iv) is obtained from the fact that given any N , for q large enough we
have ‖pSεϕq˚ ´ ~δ‖K,c;B “ OpεNq for all ϕ P AqpRnq.
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